
Conformable Regulator Problemswith Fixed Delay
Seth Baur Joseph E. Smith NickWintz

Department of Mathematics, Computer Science, and Information Technology - Lindenwood University

Abstract
In this project, we consider processes guided by a conformable derivative first

introduced by Khalil et al in 2014. This time-weighted derivative has many of the

same properties as the classical derivative but lacks the semigroup property for the

exponential. Here, we study a conformable linear system where the state and

control are subject to the same fixed delay. Our process is also subject to wear and

tear, represented by a cost functional. Our goal is to find an optimal control that

minimizes this cost. This control is propagated by a quasi-Ricatti equation, which

itself includes a time delay. Finally, we offer a physical model associated with our

delayed as well as numerical simulations for different rates alpha.

Definition (Khalil Derivative)
Let f : [0, ∞) → R and let α ∈ (0, 1]. Then the conformable derivative of order α of
f at t is defined by

f (α)(t) :=

 lim
θ→0

f (t + θt1−α) − f (t)
θ

, t > 0
lim

s→0+
f (α)(s), t = 0,

provided that the limit exists.

Properties of the Conformable Derivative
Let α ∈ (0, 1]. Let f, g be α-differentiable for t > 0, and let a, b ∈ R. Then

(af + bg)(α)(t) = af (α)(t) + bg(α)(t),
(tb)(α) = btb−α,

(b)(α) = 0,
(fg)(α)(t) = f (α)(t)g(t) + f (t)g(α)(t),(

f

g

)(α)
(t) = g(t)f (α)(t) − f (t)g(α)(t)

[g(t)]2
, and

if f is differentiable, then f (α)(t) = t1−αf ′(t).

Definition (Khalil Integral)
Let α ∈ (0, 1]. The α-conformable integral of f is defined by

Ia
α(f )(t) :=

∫ t

a

f (τ )
τ 1−α

dτ,

where the integral here is the usual Riemann integral.

Delayed Model
Consider the system

x(α)(t) = Ax(t − h) + Bu(t − h)

where

x ∈ Rn represents the state

u ∈ Rm represents the control

h is the time delay

We make the natural assumption that our system is completely observable.

Delayed Conformable Linear Quadratic Regulator (DCLQR)

System: x(α)(t) = Ax(t − h) + Bu(t − h), x(0) = x0

Cost: J(x, u) = 1
2
xT (tf)S(tf)x(tf) + 1

2

∫ tf

0

[xTQx + uTRu](τ )
τ 1−α

dτ,

where S(tf), Q ≥ 0, R > 0

Feedback Gain: K(t) := R−1BTS(t)

Quasi-Riccati Equation:

−S(α)(t) = ATNTS(t) + S(t)AN − S(t)BMR−1MTNS(t − h) + Q,

where M = ∂u1

∂u
and N = ∂x1

∂x

Optimal Control: u∗(t) = −K(t)x(t)

Optimal Cost: J∗(x, u) = 1
2x

T (0)S(0)x(0)

Piecewise Solution
It can be shown that

M = I

N =
{

0, t < t0 + h

I, t ≥ t0 + h

Thus,

−S(α)(t) =

{
Q, t < t0 + h

ATS(t) + S(t)A − S(t)BR−1S(t − h) + Q, t ≥ t0 + h

Damped OscillatorWith Delay
Consider the control system

x(α)(t) =
[

0 1
−0.64 −0.16

]
x(t − 5) +

[
0
1

]
u(t − 5), x0 =

[
10
3

]
associated with the quadratic cost functional

J(x, u) = 1
2
xT (tf)S(tf)x(tf) + 1

2

∫ 30

0

(
xT

[
0.001 0

0 0.001

]
x + u2

)
(τ )

τ 1−α
dτ.

Numerical Methods
Since S(tf) is given, we calculate S(t), t0 + h ≤ t ≤ tf by iterating backwards in

time. However, −S(α)(t) is defined in terms of S(t − h), so this method requires
past information that is often unavailable. In order to sidestep this issue, we

initially set S(t) = Q for all t0 + h ≤ t < tf . We then repeatedly solve for

S(t), t0 + h ≤ t ≤ tf backwards using the newfound S values until they sufficiently
converge.
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Related/Future Projects
Conformable Kalman filter (REU group, Summer 2023)

Conformable information filter (S. Hungerford and J. Smith, Space Grant Project

2024)

Conformable Heart Rate Controller (with T. Cuchta and Ö. Öztürk)

Linear quadratic pursuit-evasion games (time scales version with D. Funk and

R. Williams)

Steady-state results

Communications models

Conformable LQR with multiple delays in state/control

Tracking of economic indicators
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